The electric potential and reaction rates of ions hitting the chemically active surfaces of microcrystals in an asymmetric electrolyte are computed analytically. Following ideas of Debye we start by solving the Poisson-Boltzmann equations and by determining the electric potential of the transport equations. We find distinct deviations when comparing our result with the Gouy-Chapman formula. In a simple model approximating a situation in which lead and hydrogen ions can react at goethite surfaces we compute analytically the currents of ions diffusing to the surfaces of microcrystals where they undergo a chemical reaction. We compute the reaction rates that can be controlled either by chemical reactions at the surface of the microcrystals or by diffusional transport. For realistic parameters of our model we find that the diffusional transport is the rate determining step. C 2001 Academic Press
INTRODUCTION
The understanding of binding reactions of ions is of great importance in many research areas such as environmental and life sciences, where ions may sorb at charged surfaces. For example, in environmental science the surface may be that of a microcrystalline soil mineral such as goethite, hematite, or gibbsite. One popular way to determine reaction mechanisms is the evaluation of the chemical kinetics. Generally the kinetics, i.e., the reaction rates, may be controlled either by the transport of one reaction partner to the other or by the chemical reaction itself, and the slowest step determines the overall rate. The aim of this paper is therefore to develop a theory describing the transport-controlled reaction of cations at positive charged surfaces of microcrystals dispersed in aqueous electrolyte solutions which contain an arbitrary mixture of mono-and divalent ions.
Properties of electrolytes can be calculated to a great extent classically because most of the relevant scales are much larger than the microscopic ones where quantum mechanics becomes 1 To whom correspondence should be addressed.
important. In the electrolyte itself it is sufficient to treat the ions as charged classical particles moving diffusively and being exposed to electric fields (internal and external ones).
In the present paper we will model the following scenario: Divalent positive and monovalent positive and negative ions (e.g., Pb
2+ , H + , Na + , and NO − 3 ) move diffusively and screen each other. In addition, two species of the positively charged ions (Pb 2+ and H + ions) can react at the positively charged and chemically active surfaces of cylindrically shaped microcrystals (e.g., goethite) that are dispersed in the electrolyte. Away from the surface of the microcrystals the classical Nernst-Planck and Poisson-Boltzmann equations are quite appropriate for a computation of charge distribution, electric fields, and diffusion rates. The classical treatment fails in the immediate neighborhood (a fewÅ) of the surface. In particular, the arrangement of counterions at a charged and chemically active surface layer cannot be determined directly without quantum mechanics. But even then, by introducing classical models with double [1] , triple [2] , or more surface layers, the quantum mechanical part can be separated. It is necessary only to get the thickness of these layers from first principles. Such a (tedious) computation can be done, e.g., by employing Monte Carlo simulations [3] .
Quite often it is more appropriate to treat thickness as a parameter. In our model we will proceed in this way also. Then we have a completely classical problem with some parameters for the reaction rates and the surface layers. By restricting ourselves to the well-known double layer model [1] we minimize the number of these parameters.
Due to the positively charged surfaces of the microcrystals and the ions an electric field and electric potential φ are present. This electric potential strongly impedes the motion of the positive ions to the positively charged surfaces and their currents to the surface become exponentially small. The smaller these currents the more they become the bottleneck of the reactions at the surface. In the extreme case the reaction rate does not depend on the reaction rate constants at the goethite surfaces. This was pointed out first by Smoluchowski [4, 5] and later by Onsager [6] . Debye [7] derived formulae for such a situation by solving the classical Poisson-Boltzmann equations in the limit of a weak electric potential [8] . Debye's idea had been worked out later by Richter and Eigen [9] considering ellipsoidal surface structures instead of spherical ones.
Thus the computation of the reaction rates can be done in two steps. First, the electric potential φ is computed for the equilibrium state (all currents being zero.). This problem amounts to solving a nonlinear 2 differential equation for the electric potential. Second, assuming that the currents remain small, the potential φ of the equilibrium scenario is inserted into the transport equations. This results in "transport reaction constants" describing the "rate" from bulk concentrations to surface concentrations and vice versa. 3 We assume that there is some noise in the system due to some motion of the fluid, migration of the cylindrically shaped microcrystals, etc. 4 The noise causes charge neutrality beyond a characteristic distance from the surface of the microcrystals, d crit . This distance has to be determined experimentally. 5 The further procedure depends on the ratios
In the experimental setup we have in mind the ratios are always
Equation [6] is a consequence of the low concentration c mc of the microcrystals that is assumed within the framework of our model. Because of it we can reduce the problem to that of an isolated microcrystal with well-defined boundary conditions. Because of Eq. [5] we can treat the microcrystal as a cylinder of infinite length. It will turn out that the curvature of its surface can be neglected to a very good approximation because of Eq. [4] . In Section 2 the equations describing the reactions at the surface, the electric potential, and the diffusive motion of the ions are formulated. In Section 3 the equilibrium scenario is dis- 2 One way out would be to linearize it according to the Debye-Hückel scheme. The validity of this approximation depends on the strength of the electric potential. It turns out that this linearization is not feasible for the parameter values we are interested in. 3 If the concentrations change considerably the transport coefficients are rather functions of the concentrations. 4 In contrast to spherical shapes, cylindrical shapes give stationary solutions with logarithmically divergent or nearly divergent electric potentials. However, very long time scales without perturbations are required before such potentials can build up. Due to noise these very long time scales become irrelevant. 5 Fortunately the results depend on d crit logarithmically only.
cussed. The strongly nonlinear equations for the electric potential of an asymmetric electrolyte are solved analytically under very reasonable assumptions. Comparison with numerical calculations [11, 12] is very satisfactory whereas the Gouy-Chapman (GCh) formula leads to a relative error by up to a factor of 9/4. In Section 4 the currents from bulk to surface are computed. Analytic expressions for "transport reaction rates" are derived describing the "transformation" from ions in the bulk (N i ) to ions (S i ) at the chemically active surface region of the microcrystal. In Section 5 we consider a small perturbation of the stationary state. Exploiting conservation laws and considering the various time scales we arrive at three linear differential equations. Inserting realistic values we find that the reaction rates are dominated by the diffusional transport of the ions from bulk to the surface and not by the chemistry at the surface. Summary and conclusion end the paper.
TRANSPORT AND REACTION EQUATIONS IN A SIMPLE MODEL
In this section we will discuss a simple model for an asymmetric electrolyte containing microcrystals. The microcrystals are-at least approximately-cylindersymmetric. Furthermore the mean distance between the microcrystals is large compared to the relevant scales; cf. Eq. [6] . Therefore the problem reduces to that of an isolated cylindrical microcrystal with radius 6 R mc . Because of the cylindrical symmetry we presume that all quantities depend on the radial variable 7 r only. Our model electrolyte consists of four types of ions: N 1 with charge 2+ (e.g., Pb 2+ ions), N 2 with charge 1+ (e.g., H + ), N 3 with charge 1+ (e.g., Na + ) and N 4 with charge 1− (e.g., NO − 3 ). According to the employed double-layer model ( Fig. 1 ) all ions may diffuse to the surface up to a distance "a," corresponding to the onset of the diffuse layer in the double-layer model. At that position they are denoted as surface species "S i ." The difference between "a" and "R mc ," commonly termed the inner Helmholtz layer and denoted as "l iHl ," is in theÅ range, e.g., the diameter of a H 2 O molecule. The modeling of the reactions taking place in this layer, i.e., the charging reactions by sorption and desorption of protons and the binding of metal ions accompanied by their hydrolysis, must be performed by the quantum mechanical theory, which is no topic of this paper. So we take the surface charge and the ratio of free and bound metal ions from experiments. Then we compute (i) the equilibrium structure and (ii) the transport processes taking place. In our model the divalent metal ions N 1 are allowed to react at surface binding sites S 5 , forming S 6 by setting free two protons (N 2 ) so that the net surface charge is unchanged:
6 We choose the natural coordinate system in which the z axis is the axis of the cylinder and r the radial component. 7 We use the cylindrical coordinates r, ϕ, z. This assumption is justified since the most dominant surface species are hydrolyzed heavy metal ions binding at negatively charged surface sites. The monovalent ions of the background electrolyte N 3 and N 4 do not participate in the reaction, but they will screen the net charge of the surface in the diffuse part of the double layer. So their distribution will not be changed by the reaction. This model corresponds to the double-layer model used for the evaluation of ion binding at iron oxide microcrystals by Kallay and co-workers [14] [15] [16] . The corresponding rate equations for S 5 and S 6 are
The overall rates 
To get the transport part we resort to the two-layer model [1] . Let l iHl be the inner Helmholtz layer. We define
[10]
We assume that (i) beyond the inner Helmholtz layer (i.e., for radial component r > a) the Poisson-Boltzmann equations are valid and (ii) the surface concentrations are given by
With these assumptions we have [12] where j i (r ) are the radial current densities of the ions (in m −2 s −1 ) and the current density vectors are
Next we write down the Nernst-Planck and PoissonBoltzmann equations in cylindrical coordinates,
together with the continuity equations 9 in cylindrical coordinates,
Here D i are the diffusion constants, β = 1 kT , and is the electric energy ( = φ × |e|). Requiring charge neutrality at a distance d crit from a,
the boundary conditions are
and
Here σ screen is the screened or net surface charge density at the cylinder surface. It is composed of the bare surface charge density 10 of the cylinder, σ 0 and the surface charges induced by the electrolyte:
[24]
Because of charge neutrality in the bulk we have the relation
These coupled reaction and transport equations contain the physics and chemistry of our asymmetric model electrolyte with microcrystals. We will discuss the equilibrium scenario in the next section and transport properties in Section 4 and Section 5.
EQUILIBRIUM SCENARIO
At equilibrium all time derivatives d/dts i , d/dtn i , and all currents j i vanish.
From Eq. [8] we get the ratio
.
[26]
From Eqs. [14] -[17] we get the well-known explicit expressions for n i in terms of the electric energy,
[27]
[28] 9 The continuity equations hold true since chemical processes are assumed not to take place in the bulk. 10 The surface charge is created, e.g., by sorption and desorption of H + ions.
[29]
[30]
Therefore the Poisson equation becomes an explicit differential equation for the potential energy alone:
− n 4 e β (r) .
[31]
With some mild approximations this equation can be solved analytically, cf. Appendix A. The solution is
[33]
where the scale of r is the Debye length λ. The dimensionless parameter p r describing the extent of asymmetry of the electrolyte is in the range
and p r = 1 gives back the Gouy-Chapman result. One finds
The constant C is determined by the boundary condition Eq. [23]. It has been calculated analytically in Appendix B. Defining the quantity (cf. Eq. [23])
the result is solution by means of PDE2D [11, 12] . Note that for p r = 0.99 the three curves nearly coincide.
A simple approximation formula for C is
This approximation becomes inappropriate for weak electric potentials, where the Debye-Hückel approximation can be applied anyway.
In Fig. 2 comparison has been made between our formula for e −2β , the Gouy-Chapman formula, and the exact numerical solution. Two cases are considered: (i) n 1 n 2 + n 3 and (ii) n 1 n 2 + n 3 . In Fig. 2a , the first case, the Gouy-Chapman formula compares well with the new analytic solution, as expected. In Fig. 2b , the asymmetric case, however, the Gouy-Chapman solution underestimates the potential, as can be seen. We note in passing that the Debye-Hückel approximation is not appropriate for the parameters we use.
If the concentrations n 1 and n 2 + n 3 and the total surface charge of the cylinder, σ screen , are given then the surface concentrations s 1 
TRANSPORT SCENARIO
In a nonequilibrium situation surface and bulk densities change with time and currents begin to flow from bulk to surface and vice versa. In a quasistationary state (
Therefore one expects a slow variation of
We now derive equations for the divalent cations of type N 1 . We transform Eq. [14] into the integral equation
for a ≤ r ≤ b.
[43]
In particular
The integrand is strongly peaked at r = a and therefore we can replaceĵ 1 (r ) byĵ 1 (a). By the use of Eq. [11] and Eq. [12] we obtain the first equation connecting s 1 and n 1 :
dr r e 2β (r ) .
[45]
Assuming a homogeneous distribution of the ions in the bulk and of the microcrystals as well, with concentration c mc , the continuity equation sets a relation between n 1 and j 1 (b):
Furthermore, by integrating the continuity equation in the interval a, b one gets
2πdr r n 1 (r ).
[47]
This leads to the second equation connecting s 1 and n 1 : 
dr r n 4 (r ).
[51]
To get an expression for one has to compute the currents. This can be done iteratively. Since the currents are small, we use only the zeroth order and insert for the functional form of the equilibrium scenario. In the same spirit we use the approximations [54]
The time derivative of these terms is made up by the time derivative of the n i and the time derivative of the integrals. The latter give a negligible contribution in Eq. are justified and will be applied in the following. Physically our assumption means that currents from the surface to the (neutral) bulk and vice versa arrive practically without losses. Because of charge neutrality (cf. Eq. [25]) we have the important result that the surface charge does not change with time but remains constant.:
[63]
Thus neither s 4 nor n 4 appears in the transport equations except in the initial conditions for the surface charge of the microcrystals. We now introduce the volume densities,
The physical meaning is the following: If one distributed all ions of type S i over the total volume their volume concentration would be given bys i . We get the equations Formally we have replaced one reaction equation and the transport equations with a set of four reaction equations. We can treat k i and k −i as constants as long as the concentrations do not change considerably. Otherwise we have to keep in mind that k i and k −i are functions of the n i . The integrals are computed in Appendix C.
The ratios k i /k −i are of interest, as will be seen in the next section:
[69]
[70]
TRANSPORT TIME SCALES VERSUS TIME SCALES OF CHEMICAL REACTION
One central question to be answered in this paper is the differentiation between the rate-determining steps: Is the rate determined by the diffusional transport to the surface or by the chemical reactions at the surface or both. For this purpose we investigate the time evolution of a small perturbation in this section. This corresponds to a classical relaxation investigation.
A perturbation leads to a new stationary staten 1 We define the perturbation with respect to the new stationary state, i.e.,
The reaction rates k 1,2,3 and k −1,−2,−3 depend in principle on the perturbation as well. Since we are interested in a qualitative estimate only we neglect this dependence here and defer its discussion to a forthcoming paper. However, we compute the rates by inserting the new stationary concentrations.
For small perturbations the equations can be linearized. Mass conservation requires δn 1 + δs 1 + δs 6 = 0 δn 2 + δs 2 + 2δs 5 = 0
[72] δn 3 + δs 3 = 0 δs 5 + δs 6 = 0.
Therefore only four independent equations remain. We choose those for n 1 , n 2 , n 3 ands 5 and get (cf. Appendix D) 
and two coupled linear equations,
The time scales to these simple differential equations are given by the eigenvalues
[76]
The smaller time scale is given by µ 1 ; i.e., the system relaxes asymptotically ∝ exp{µ 1 t}. Note that damped oscillations are impossible. There are two limiting cases: 12 We use the approximation
(i) The diffusional transport is much faster than the chemical reactions at the surface. We get 13 for µ 1
[77]
(ii) The time dependence is controlled by the diffusional processes; the reaction rates at the surface are much faster. We get for µ 1
If in a gedankenexperiment we change k 5 → αk 5 , k −5 → αk −5 the stationary state does not change and ξ remains constant. For small α |µ 1 | increases linearly with α according to Eq.
[77]. This means that we get information about the ratio of k 5 and k −5 and about their absolute values. For large α we obtain information about the ratio k 5 /k −5 only (cf. Eq. [78]).
We have calculated values of µ 1 for the exemplary binding reaction of Pb 2+ at the surface of goethite microcrystals suspended in an aqueous solution of NaNO 3 . The conditions are chosen to correspond to our experiments published earlier [16] on the interpretation of equilibrium binding data combined with ζ -potential measurements. (9g/L goethite, 71 m 2 /g, 1 mmol/L NaNO 3 , pH = 4.8). Under these conditions 64% of the total amount of lead (0.25 mmol/L) is bound at negatively charged surface sites, predominantely as PbOH + , and the ζ -potential is +0.048 V, corresponding to a net surface charge of +0.006 Cm −2 , assuming a distance of 1.5 nm between the hydrodynamic slipping plane and the surface; see Eq.
[32]. The goethite microcrystals are modeled as cylinders with 100 nm diameter and 500 nm length (R mc = 50 nm, l mc = 500 nm). With these dimensions the concentration of microcrystals is calculated as c mc = 1.3 × 10 18 m −3 . The ratio of k 5 /k −5 is obtained from the macroscopic association constant
which is obtained from the experimental data, assuming a binding site density ofs 5 Fig. 3 µ 1 is plotted as a function of α for three different values of the net surface charge. With increasing α, µ 1 increases 13 We use the approximation
We assume furthermore that O(ξ ) ≤ 1 and γ 1.
FIG. 3.
Plot of µ 1 (Eq.
[76] vs the factor α for various surface charge densities σ screen of the microcrystals. α controls the rate of the chemical reaction, Eq. [7] , but keeping the ratio k 5 /k −5 constant as explained in the text. Low and high values of α correspond to a reaction-controlled and transportcontrolled mechanism, respectively. Solid line: σ screen = 0.0058 Cm −2 ; dashed line: σ screen = 0.012 Cm −2 ; dotted line: σ screen = 0.023 Cm −2 .
steadily and approaches a limiting value at high α. This corresponds to a pure diffusion control; i.e., transport to the surface is rate-limiting. The maximum value is a function of the surface charge, it reflects the fact that the higher is the surface charge and the potential, the lower the transport rate of positive ions to the surface. This can also be seen in Eq.
[65] and Eq. [66] , where the integrals in the denominator are depending exponentially on the surface potential. It must be emphasized that the chosen values of α; i.e., the values of k 5 and k −5 are arbitrary. Since k 5 and k −5 describe the chemical reaction at the surface, the physically real values will depend strongly on the microscopic mechanism, which takes place on the length scale of a fewÅ and can be determined by quantum-mechanical processes. Only the ratio k 5 /k −5 is obtainable from the macroscopic equilibrium constant as stated above. But this treatment allows to decide whether a surface binding reaction is transport-or reaction-controlled. If a measurable relaxation rate is in the vicinity of µ max this means that the observed process will be transport controlled, since this is the slowest step in the overall reaction chain. The chemical reaction itself may be faster than transport (high α), then the diffusion is rate limiting, or it may be slower (low α), then the overall reaction rate will be lower. In our example for the binding of lead ions at the goethite surface, µ max is very close to the measured relaxation rate of 170 s −1 (τ = 5.9 ms), assuming a surface charge of 0.006 Cm −2 , which corresponds to ψ(a) = 0.06 V and the experimentally measured value of ψζ (a + 1.5 nm) = 0.048 V [16] . The detailed presentation of the corresponding experiments and results will exceed the frame of this paper, and therefore is subject of Part II. The very satisfactory agreement leads to the conclusion that the fastest measurable relaxation process in p-jump experiments of lead binding at goethite is caused by the transport of lead to the surface, not by the reaction at the surface.
The maximum measurable rate is a sensitive function of the surface potential and charge, due to the integral over the exponential function in Eq.
[69] and Eq. [70] . Figure 4 shows this behavior for the chosen model system at constantn 1 ,n 2 and total ionic strength for various surface charge densities. The maximum possible rate for the transport controlled reaction strongly decreases with increasing surface charge and potential. This is reasonable, since the lead ions have to migrate to the surface first, before they can react with it.
FIG. 4. max and surface potential as a function of the screened surface charge density σ screen .
SUMMARY AND CONCLUSION
The purpose of this paper is the modeling of transport controlled sorption processes of cations at positively charged microcrystals suspended in an aqueous solution of an arbitrary electrolyte. As natural model system the environmental important reaction of lead ions with the iron oxide goethite is chosen, but the results may be adapted easily to similar problems. The overall reaction consists of three consecutive steps: First the bivalent cation of interest gets to the surface of the microcrystal by diffusion in the electic field created by the surface charge of the suspended solid. Second a chemical reaction takes place at the surface, where the bivalent cation binds combined with the release of two solvated protons. Third the released protons diffuse away from the surface.
Step 2 is modeled as a chemical reaction that can take place as soon as the ions approach the surface up to the inner Helmholtz length. The equilibrium constant of this reaction is taken from experiments. Steps 1 and 3 may be treated in good approximation by classical physics. They are governed by the Nernst-Planck equation, which is an extension of Fick's diffusion law to the motion of ions in an external electric field. The solution requires an adequate description of the structure of the electrical double layer of the suspended particles for which we have chosen the basic Stern model with located charged binding sites. The first important result is the analytical solution of the nonlinearized PoissonBoltzmann equation for an electrolyte of arbitrary composition and asymmetry (Eq. [32]). The only approximations required are that of a locally flat surface, i.e., the condition that the thickness of the diffuse double layer is small compared to the radius of the model cylinders, and that the concentration of the microcrystals is low enough that the electrical potential vanishes completely at the half mean distance between two particles. The asymmetry of the electrolyte is simply described by a parameter p r , Eq.
[34], which may vary continously between 0.5 for a 1 : 2 electrolyte and 1 for a 1 : 1 electrolyte. We can show that the results are identical with the classical Gouy-Chapman solution for p r = 1, but for p r = 0.5 the Gouy-Chapman formula underestimates the electrostatic interaction term exp(z /kT ) up to a factor of 914. Based on these results we solve the NernstPlanck equations for the motion (Eqs. [14] 76] ). It is a function of all rate constants for the transport controlled steps and the chemical reaction at the surface. The calculated relaxation rate is then investigated as a function of the relative weight of step 2 to the overall reaction. The state of the chemical equilibrium in step 2 is held constant, while the absolute amounts of the corresponding rate constants is varied over a wide range, i.e., we have moved from a complete reaction control (very low chemical rate constants) to a complete transport control (very high chemical rate constants). The second important result is that a maximum possible rate exists, which is determined by the transport of the ions to the surface (Fig. 3) . The overall reaction rate can not be higher, since the ions may not diffuse faster in the electrical field created by the charged surface. The obtained maximum relaxation rate is investigated further: It depends most strongly on the electrical potential at the surface due to the integral over the exponential function of the potential in the denominator in Eqs.
[65] and [66] , and to much less extent on the concentration of divalent ions and microcrystals in the suspension. A comparison with experimentally obtained relaxation constants for the model system Pb(NO 3 ) 2 , goethite, NaNO 3 shows that experimental relaxation rates are nearly similar to the calculated maximum possible rate, leading to the important conclusion that the sorption mechanism of lead ions at the goethite surface is controlled by diffusion to the surface, not by the chemical reaction. A detailed presentation of the analysis of heavy metal binding kinetics at mineral oxides based on this theory will be subject of a subsequent paper. Because of Eq. [4] we can apply the locally flat surface approximation; 15 i.e., we neglect the second term in Eq.
[18]. Then we obtain with
We make this equation dimensionless by writing
Exploiting charge neutrality in the bulk (cf. Eq.
[25]) we obtain 14 In this and the following appendixes we use the notation O(x) which means order of x. For example, order of 1, is expressed as O (1) . 15 The microcrystals are roughly of cylindrical shape. However, they contain bends and rifts. Therefore the cylindrical approximation need not be better than the flat surface approximation as long as Eq. Integrating this expression we obtain
where B is the integration constant. In principle it cannot be determined directly since we do not know and at the same position. However, we know that
because of Eq.
[22] and we expect that .10] because the Debye approximation holds true for large b/λ. Therefore, apart from an exponentially small error
we get
and again substituting 
